We present our numerical study of three-dimensional QED with 2, 4, 6 and 8 flavors of massless twocomponent fermions using a parity-preserving lattice regularization with Wilson fermions. We study the behavior of low-lying eigenvalues of the massless improved Wilson-Dirac operator as a function of three-dimensional physical volume, after taking the continuum limit at fixed physical volumes. We find the following evidences against the presence of bilinear condensate: the eigenvalues do not scale as the inverse of the three-dimensional physical volume, and the number variance associated with these eigenvalues do not exhibit ergodic behavior. The inverse participation ratio (IPR) of the associated eigenvectors exhibits a multi-fractal volume scaling. The relation satisfied by number variance and IPR suggests critical behavior.
I. INTRODUCTION
Two component massless fermions coupled to a three-dimensional Euclidean abelian gauge field has been a topic of study in the past three decades for several field-theoretic reasons, and it is also of interest to condensed matter physics [1] . The massless Dirac operator is
where σ k are the Pauli matrices and A k (x) is a background abelian field. Under parity,
This theory has a parity anomaly [2, 3] since the fermion determinant is not real [4, 5] and its parity-violating phase is regulator dependent [6] [7] [8] . Furthermore, the form of the parity-violating term at finite temperature and non-trivial gauge field backgrounds can be quite different from the perturbative infinite volume result [9, 10] .
This parity anomaly can be cancelled by suitable regularization when even number of flavors of two-component fermions are present. In this paper, we are only interested in such a system.
Assuming we have a regulated version of C / (A), we can write down a parity invariant fermionic action for a 2N f flavor theory as
with the fermions transforming under parity as
It is useful to identify the 2N f flavors of 2-component fermions as N f flavors of 4-component fermions using the following notation [11] ,
with the associated action,
Note that the usual anti-hermitian Dirac operator is
Under parity, 
The action in Eq. (6) has a U(2N f ) symmetry. The two fermion bilinears which break the symmetry to U(N f )×U(N f ), but invariant under parity, are
The fermion determinant in a fixed gauge field background becomes
which makes different choices of m and m p equivalent as long as m 2 + m 2 p remains the same. These different ways to introduce mass will be used advantageously in our lattice formulation.
If the U(2N f ) symmetry gets spontaneously broken to U(N f ) × U(N f ) in the massless theory, thenψ i ψ i and ψ i P ψ i will pick a vacuum expectation value, which we refer to as the bilinear condensates. With the right ordering of limits (the three-dimensional volume ℓ 3 is taken to infinity before the fermion mass is taken to zero), the bilinear condensates are ∂ log Z(m, 0) ∂m = 0 and lim
Analytic arguments in favor of a non-zero bilinear condensate were first provided by Pisarski [11] in the limit of large number of flavors. The associated gap equation was analyzed in [12] [13] [14] [15] which supports a non-zero bilinear condensate if N f < 4. It is worthwhile noting that the massless fermion propagator was used in the fermion bubbles summed up to obtain the gauge boson propagator. In addition, the wave function renormalization of the fermion was set to unity in the limit of large N f . Since the computation was performed in the large-N f limit and an upper bound on N f was obtained for a non-zero bilinear condensate, a different approach is needed to verify this result. Furthermore, estimating the free energy by simply counting the degrees of freedom in the UV and IR assuming a non-zero bilinear condensate suggests a bound of N f < 2 [16] . In another study [17] , the stability of the conformal fixed point of QED in 4 − ǫ dimensions on a sphere, extrapolated to three dimensions, suggests a critical N f < 4. A schematic phase diagram of QED 3 as a function of the number of flavors is shown in Figure 1 , based on the above plausibility arguments. The question we try to answer, is the existence of the region with condensate and broken U(2N f ) symmetry.
Extensive numerical studies have been carefully performed using staggered fermions to investigate the possibility of a non-vanishing bilinear condensate. A single copy of staggered fermion results in a N f = 2 theory in the continuum. This particular example was studied in [18] and an upper bound on the bilinear condensate was estimated. By simulating a lattice model that uses the square root of the staggered Dirac operator, the N f = 1 theory was carefully studied in [19] and concluded that there is evidence for a non-zero bilinear condensate in this theory. In these studies, the theory with a fermion mass was simulated and the bilinear was measured as a function of mass to see if an extrapolation to zero mass yielded a non-zero condensate in the infinite volume limit. Although several different physical volumes and lattice spacings were considered the analysis did not separate the two effects. In the N f = 1 case, increasing the physical volume at a fixed lattice spacing shows a trend in the bilinear as a function of mass, that is in favor of a non-zero condensate at zero mass. But, a comparison of two different physical volumes (the largest two in the simulation) at two different lattice spacings favors a vanishing condensate at zero mass. The N f = 4 theory was also studied in [19] [20] to study the beta function of QED 3 with N f = 2; here we use the two different masses to study N f ≥ 1 and explore fermionic observables. In contrast to the studies in [18, 19] where one simulates a theory with a non-zero m, we simulate the theory with m = 0 and study the behavior of the low-lying eigenvalues as a function of the physical volume. The low-lying eigenvalues were previously studied in the quenched approximation in [21] . Differing in the method, our study here explicitly extracts the scaling behavior of the low-lying eigenvalues with respect to the volume.
In particular, we expect the lowest eigenvalues of D / (A), λ i , in a box of volume ℓ 3 , to scale such that the expectation value of λ i ℓ 3 Σ has a finite non-zero limit as ℓ → ∞ with Σ being the value of non-zero condensate.
The organization of the paper is as follows: we will present the parity-invariant formalism of
Wilson fermions on the lattice in Section II. We will present our results for N f = 1 in Section III where we will also make contact with certain ideas in random matrix theory in order to understand the behavior of the low-lying modes of the improved Wilson-Dirac operator. We will present the results for N f = 2, 3 and 4 in Section IV, and compare them to the N f = 1 case.
This will be followed by our conclusions.
II. PARITY INVARIANT WILSON FERMIONS
We used an isotropic L 3 lattice with periodic boundary conditions in all three directions.
Following [18, 19] , we used the non-compact gauge action given by
where ℓ is the dimensionless linear extent of the periodic box measured in units of the coupling constant. The θ's are related to the gauge-fields as θ k = ℓ L A k . We used the Sheikhoslami-WohlertWilson-Dirac operator [22] which was improved further by using one-level HYP smeared fields θ s k [23, 24] in the naive and Wilson terms. Let C W denote the two component SheikhoslamiWohlert-Wilson-Dirac operator including the mass term M P . We have given the details of smearing and C W in Appendix A. In four component notation, our lattice realization of the continuum parity-invariant operator with mass terms (refer Eq. (6) and Eq. (9)) is
The eigenvalues of D W come in complex conjugate pairs:
where Λ j are the eigenvalues of the massless Dirac operator in lattice units. In terms of the two-component Dirac operator,
As L → ∞, the massless limit is obtained by setting M = M P = 0. Due to the additive renormalization of M P , one needs to tune M P as function of L in order to remain massless after
The dimensionless bilinear condensate is given by
where the quantities in the continuum are
Then, for Σ to be non-zero in the massless limit, we require the low-lying eigenvalues to obey [25, 26] 
with z j being certain universal numbers obtained from an appropriate random matrix theory that properly accounts for the effective low energy Lagrangian with only the zero momentum mode taken into account. This is an important requirement that we use to check if the bilinear condensate is present.
We explicitly set M = 0 in our simulations. This enabled us to use the standard Hybrid Monte
Carlo [27] algorithm with N f copies of pseudofermions to simulate a 2N f flavor theory. We used M P to tune the theory to massless fermions. The tuning was achieved by finding the M P that minimizes the lowest eigenvalue, Λ 1 (M P ), over a small ensemble of thermalized configurations.
We computed these low-lying eigenvalues, including the associated eigenvectors, using the Ritz algorithm [28] . Our simulation parameters are given in Appendix B.
III. RESULTS FOR N f = 1
A. Effective potential using Wilson loops
We start with the results for the effective potential by measuring the energy, − log W (x, t), of a rectangular Wilson loop, W , of size x × t. We regularized the loop by spatially smoothening the gauge-fields θ 1 and θ 2 perpendicular to t, using 6 levels of APE smearing with the smearing parameter s = 0.5. By fitting to
with A and V (x) as fit parameters, we obtained the effective potential, V (x), which is shown in the top panel of Figure 2 . A dominant log(x) behavior is seen. The deviation from the log(x) behavior that is seen at large x, diminishes as the physical volume is increased. A fit of the data to
shows that k approaches an infinite volume result. But, V (x) at a fixed x, does not seem to have a finite limit. Instead, the log-term seems to be of the form log(
), as seen from the data collapse in the bottom panel of Figure 2 . Therefore, the effective potential does have a three-dimensional Coulomb-like behavior but one cannot set a scale using the potential.
B. Scaling of low-lying eigenvalues with physical extent ℓ
We turn our attention to the behavior of the lowest lying eigenvalues as a function of the box size ℓ. In Figure 3 , we show the lattice corrections to the smallest dimensionless eigenvalue, λ 1 ℓ, at various physical volumes ℓ 3 . As it can be seen, the lattice corrections are small at all volumes and under control. Using a linear The straight lines are the best fits to V (x) = k log(x). In the bottom panel, it is plotted as a function of log( x ℓ ). The data collapse suggests that one cannot set scale using the effective potential. simulation in the top panel of Figure 4 . In addition we also show the continuum limit in the same plot. We expect λ 1 ℓ ∼ ℓ −2 if this theory has a non-zero bilinear condensate. The data shown in the log-log plot is not described by a simple linear fit. In the bottom panel of Figure   4 , we compare the continuum extrapolated λ 1 ℓ with a ℓ −2 power-law. Large deviation from the ℓ −2 behavior is seen at all volumes. To quantify this statement with some confidence, we fitted the lowest three eigenvalues to a rational ansatz
such that one recovers a power-law as ℓ → ∞. Using this, we extracted the leading power p.
The best fit is shown as a solid blue curve in the bottom panel of Figure 4 . The χ 2 /DOF as a function of p is shown in Figure 5 . The value of p around 1 seems to be favored while the value p = 2, as expected when non-zero bilinear condensate is present, seems to be ruled out.
The value of χ 2 seems to be minimized around the same value for all the low-lying eigenvalues, suggesting that they all scale the same way with ℓ.
It is possible that our studies have not reached asymptotically large volumes. In fact such a possibility has been put forward in [29] by studying the effect of an infra-red cutoff on the gap equation in [14] . Of course, one cannot define a condensate at zero momentum in the presence of an infra-red cutoff but one can ask if the gap equation has a non-trivial solution. It is argued in [29] that one need to have ℓ > 200 to obtain a non-trivial solution for N f = 1. This argument is based on the assumption that the lowest momentum appearing in the fermion loop is π/ℓ. If instead, we replace the sum over momenta in the fermion loop by a sum over the eigenvalues of the Dirac operator in the presence of a gauge field background, a more natural choice for the infra-red cutoff is the lowest eigenvalue λ 1 which, in our simulations, behaves like 1/ℓ 2 . Explicitly, at our largest physical extent ℓ = 250,
≈ 500 which is well inside the region for a non-trivial solution in [29] .
C. Comparison to non-chiral random matrix theory
We can provide further credence to our conclusion of an absence of a bilinear condensate at N f = 1 by borrowing ideas from random matrix theory. In a theory that has a non-zero bilinear condensate in three dimensions, we should find low-lying eigenvalues to scale like 1/ℓ 3 and this behavior should extend for all eigenvalues below a threshold proportional to 1/ℓ 2 . One expects these low-lying eigenvalues to be dependent only on the fluctuations of the zero-mode of the chiral Lagrangian, and hence determined only by the symmetries of the low-energy theory.
Thus, a diminishing fraction of eigenvalues (ℓ out of the ℓ 3 eigenvalues), should be described by a random matrix theory (RMT) which has the same symmetries as that of the Dirac operator (see Eq. (5)), but the actual number of them would get larger as one goes to infinite volume.
This low-lying spectrum of eigenvalues is the ergodic regime. The non-chiral RMT which has the same symmetries as that of QED 3 has been studied in [26] . A consequence is that the ratios of eigenvalues must be universal and be described by this non-chiral RMT. In the top panel of Figure 6 , we plot the histogram P (λ 1 /λ 2 ) at various volumes. The expectation from RMT is also shown. A large volume dependence is seen. In order to take the ℓ → ∞ limit, it was convenient for us to use the cummulant generating function G(s),
These are shown in the bottom panel of Figure 6 . Using a [1/1] Padé approximant, we extrapolated the G(s) to its ℓ → ∞ limit. This is shown by the green band, labelled ℓ = ∞, in Figure   6 . It is clear that there is no agreement with non-chiral RMT. Nevertheless, we note that the ratio λ 1 /λ 2 does have a non-trivial limit showing that the different eigenvalues scale the same way with volume. However this scaling is not 1/ℓ 3 . This justifies the inference from Figure 5 .
D. Emergence of critical behavior
In the ergodic regime, the eigenmodes would be delocalized and the associated Inverse Participation Ratio (IPR),
would scale as 1/ℓ 3 . The IPR for the lowest mode is plotted in Figure 7 . We see a significant deviation away from the ergodic behavior. Instead, the modes seem to be delocalized, but multi- fractal i.e.,
In our case, the value of η is 0.32(1). This multi-fractal scaling suggests a critical behavior, which is further quantified below. It is usual to draw analogy between the broken phase where an RMT description is possible and a metallic state [30] . In this spirit, this behavior of IPR is reminiscent of the behavior of electron wavefunction at a metal-insulator critical point.
We proceed to compare the behavior of the IPR of the lowest mode with that of number variance, a quantity that does not depend on the microscopic spectral density, but is a measure of ergodic behavior [30] [31] [32] [33] . The number variance is computed as follows: having chosen a λ, we find the number of eigenvalues n below that scale per configuration. Then, the number variance is Σ 2 (n) = Var(n).
Normally, one wants to study this quantity in the bulk away from the edge such that critical behavior sets in at the transition between the ergodic,
and diffusive,
behavior. As noted earlier, the region showing the ergodic behavior should increase linearly with ℓ. In Figure 8 , we show the behavior of Σ 2 (n) for several physical volumes. The behavior at large volumes show a linear rise over a wide range with no region that shows ergodic behavior (labelled as RMT). Furthermore, the slope of the linear growth,
is χ = 0.057, which is consistent with the critical relation [33] η = 6χ, (29) between the slope of the number variance and the multi-fractal dimension η of the lowest mode.
This critical behavior seen right from the lowest mode is surprising. There are random matrix theory models with special choices of potentials where all states exhibit critical behavior [34] .
An exactly solved model in this critical class of random matrix theories is the q-Hermite model introduced in [35] , and it has a single tunable parameter, which is the slope χ at large n. The number variance in the model is given by [36, 37] 
which behaves asymptotically as Σ 2 (n) ∼ χn. We compare our data to that of the q-Hermite model as follows: using the value η = 0.32 that we determined from the IPR of the lowest mode (refer Figure 7) , we calculated the number variance for the q-Hermite model using the above equation with χ = η/6. This is shown as the red solid curve in Figure 8 . An agreement is seen, even for small n (with no fitting involved).
IV. RESULTS FOR
Our results for N f > 1 are provided with the aim of comparing them to the N f = 1 results.
With that in mind, some of the previous plots are repeated for convenience to the reader. The behavior of the lowest eigenvalue as a function of the physical extent of the box, ℓ, is shown in the top panel of Figure 9 . Clearly, at any ℓ, the value of the eigenvalue itself increases with N f , and this is due to the suppression of the low eigenvalues by the fermion determinant. In addition, all the four cases show a behavior that is consistent with an absence of a bilinear condensate.
The χ 2 -values for the different values of the exponent p which describes the asymptotic behavior
, is shown in the bottom panel of Figure 9 . From this, we estimate the values of p to be 0.97 the power-law fits, ℓ −3+η , to the data at large volumes. In all the four cases, we see systematic deviation away from the ergodic ℓ −3 behavior; instead, we see a multi-fractal scaling at all N f .
The deviation from the ergodic behavior gets smaller as we increase N f . In Figure 11 , we compare 
V. CONCLUSIONS
We have numerically studied a parity invariant formulation of QED in three dimensions using Wilson fermions. We investigated theories with 2, 4, 6 and 8 flavors of massless two component fermions. We used the behavior of low-lying eigenvalues of the four component Dirac operator to investigate the presence or absence of a bilinear condensate that preserves parity. Our computations were performed on several physical volumes and lattice spacings. The resulting low-lying spectrum did not exhibit a ℓ −3 dependence on the physical linear extent, ℓ, of the threedimensional symmetric periodic box for any of the theories studied here. A study of the inverse participation ratio of the eigenvectors associated with the low-lying eigenvalues shows that the modes exhibit critical behavior when the scaling exponent was compared to the linear rise of the number variance associated with the low-lying eigenvalues. Furthermore, the agreement of the number variance for N f = 1 between a q-Hermite random matrix model and our data warrants further comparison with a critical random matrix model. For example, we plan to compare the distribution of low-lying eigenvalues of QED 3 with that of a critical random matrix model. We also plan to study non-abelian fields coupled to massless fermions. These theories are expected to be different since there is a non-vanishing string tension in pure gauge theories.
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where the clover term is C ij (n) = P ij (n) + P ij (n −î) + P ij (n −ĵ) + P ij (n −î −ĵ), in terms of the plaquette, P ij (n) = U i (n)U j (n +î)U * i (n +ĵ)U * j (n).
We used the value κ SW = 0.5 at all ℓ and L. Using these values of κ SW and the smearing parameters, s 1 and s 2 , we found the additive mass renormalization to be greatly reduced even in our coarsest lattices.
Appendix B: Simulation details
The free parameters are the physical extent of the box, ℓ, the lattice size, L, the tuned Wilson mass, M P , and the number of flavors, N f . We used N f =1, 2, 3 and 4 in our simulations. The continuum limit is taken by taking L → ∞ keeping ℓ fixed. For this, we used L =16, 20, 24 and 28 lattices. At any finite L, the additive renormalization of fermion mass is taken care of by tuning M P . Since QED 3 is super-renormalizable, M P L is a finite additive renormalization. We tabulate the simulation parameters for the N f = 1 data set in Table I . We also show M P L as a function of ℓ graphically in Figure 12 . We used the same set of ℓ for N f = 2, 3 and 4 as well.
In the HMC simulation, we kept the molecular dynamics step-size ∆t to be 1/N MD . We tuned
